
 Abstractvarieties
We know about affine varieties and projective varieties but
how we want todefine varieties more generally Oneway to
do this is to take the product of projective spacesand affine
spaces and take an algebraic set in there

We know that 1A x1AM Ahtm so any algebraic set in the

product of affinespaces will again be affine

However PhxPm IP 7 so we need a new method for

defining algebraic sets

Multiprojective space

Def let REXY kCx anti y yn F CKAY is
a biform P q is a form of degree
p resp g in the Xi resp Yi

Ex x y y t Xzy is a biform of degree 1,4 in

KC Xz Y Yz Ys

Every F t kCX t can be written uniquely as

F
pqFpq

where Fpq is a biform of degree p q



We can now define an algebraist in Phx1pm to be

the setof zeros of a set of biforms S i e

s X Y cPhx1pmIF x y o V Fes

We can analogously define the 1 of a subset of PHP

If V EPhx1pm ICV f cKCX.TT fCX Y OV XY EV

And the bihomogeneouscoordinate ring Tb V k
v

Andthe field of rational functions kfvj.LY FiGblforms of thesame
G bidegree in TLV

w local ringsdefined as before

We can extend all these definitions to finite products of
projective spaces and in fact products of projective spaces
and affine space

IP x xp x1AM

In this case a polynomial should be homogeneous in each

of the variables corresponding The the projective spaces but there
is no restriction on those corresponding to the affinespace

n m
Ed The map f P x IP IPN N htt mtl i given

Exo xn yo iym 1 Toyo Toy Xnym

is called the Segre embedding We'll soon see that this is



a moyphism and in fact it's isomorphic onto its image
which is closed i e Phx1pm is itself a projective variety

Varieties

we can give AIP x x IP x1AM the Zariski topology in the same

way as in affine projective space
UE X is open XIU is an algebraicset

Any subset YEX inherits the Zariski topology the open

sets of 4 are of the form YAU where U EX is open

Def let V be a nonempty irreducible algebraic set in

Phx xp xlAm Any open subset X EV is called a variety

k X k v is the f lf s on X and

Op X Op V the local ring of X at P

If X is a variety and U C X open f c k X is

regular on U if f is defined at each Pelt

The ring ofregularfunctions on U is

TCU f e k x It is regular on 4
That is TCU Op x



Note If U X is an affine variety T XOx f X the
coordinate ring of X

Ex If X Ph HIP Gpu GsaYgmIg9 GCPHO t Pep

k f Ipu
In fact T X k for every projective variety X

In general each element toTCU 0 determines a function
U k In fact each distinct element determines a

union function That is

Elgin The natural ring map
U FCU k functionsU k

is injective

PI let Oef U 8 sit 8 P O V Pell We need

to show 8 0

X EP x XIA k X k E so we can assume X is closed

For each projective space choose an affine chart U

s t U h U xUzx x Am 1 0
IAN



set U URIAN and X X h Ah

Then X EX is open so k N k X and X'EIA
is closed so it's an affine variety and U EX is open

Moreover U'EU so U 0 ECU Ox

Thus 8 F f g E T X g p to V Pell Then f P 0

V PEU so f O 8 0 D

Def If X is a variety and YEX is closed Y is irreducible
if it's not the union of two proper closed subsets

Note We will mostly care about the case of projective varieties
or even open subsets of projective varieties but understanding
thegeneraltheory is important in order to discuss concepts like
dimension birationality and resolution of singularities

Morphismsof Varieties

let X and Y be varieties A morphism fromX to Y
is a function 4 X Y such that

1 4 is continuous 4 u is open t UE Y open

2 For every open set U EY if teTCU0y then



4 f foY is in 4 u Ox
That is the function to 4 is regular on U
Note4t is a homomorphism

An isomorphism of X with Y is a morphism X Y s t
its inverse is a morphism

Remark This definition of morphism agrees w our definition

in the case of affine projective varieties

Remark If U EX is open and 4 X Y is a morphism

41 Y is also a morphism

Ed consider the map 4 Ah Uh EP given
Xi xn Xi xn I

Can check If WEUn open then Y
t w is open it's the

complement of the dehomogenization of ICP 1W
dyhorn

1If TI is defined on W then g defined on4 w

So 4 is a morphism By a similar argument the inverse 4
is also a morphism so in fact 1A Um E Ui fi

Ex Define V V xy 1 EIA Nv k Y y i



Consider the morphism V 1A defined
Gay

The image is W 1A 03 an open set so define

4 V W to bethe corresponding morphism I claim this
is an isomorphism

consider themorphismIP PZ defined
a b a2 b ab

Check the image is Vp xy 22

Wi

Thus if we restrict to P Go D Clio Ua 037A lo
and the image to V we get

a D a 1 a or

a Ca ta

which is a morphism Even though I is not a polynomial on
1A Thus VEW so W is an attire variety even though
it is open in 1A

In fact this can hold more generally

Pwp let V be an affine variety and f E TLV f 0
let Vf P EV It to V t f



1 T Vg f V Yf affnekCV at Tlv we 7

2 Vf is an affinevariety i e V EV some V'CA closed

PI l from past HW

2 See Fulton Idea If I _ICV EkCx xD
set I I xn f l

Claim V I E Vf D

Inherit For any variety X PEX and PEU EX open
F VEX open set P EV and V is an affine variety
That is X is covered by open sets that are affine
varieties called affine opens


